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Abstract-Examples are given of n vertex convex polygons for which the distances between a fixed vertex 
and the remaining vertices, visited in order, form a multi-modal function. We show that this function may 
have as many as n/2 modes, or local maxima. Further examples are given of n vertex convex polygons in 
which n2/8 pairs of vertices are local maxima of their corresponding distance functions. These results are 
used to construct an example that shows that a general algorithm of Dobkin and Snyder may not, in fact, be 
used to find the diameter of a convex polygon. 
1. INTRODUCTION 
Recently Dobkin and Snyder[l] have proposed a class of algorithms for finding an area 
maximizing inscribed k-gon of a convex polygon. The method depends on a “unimodality” 
property for certain area and distance functions in a convex polygon. Whilst they deal mainly 
with the case k = 3, i.e. searching for an inscribed triangle of maximum area, they suggest the 
use of the algorithm for other values of k. For the case k = 2, area is replaced by distance, and 
the problem reduces to that of finding the diameter of a convex polygon. 
In this note we show that the above mentioned unimodality property does not hold for 
distances between points, and then use this result to construct an example that shows the 
algorithm of [l] cannot be used for the case k = 2. For the case k = 3, however, the distances 
considered are perpendicular from an edge of the polygon. These distances are unimodal and 
the algorithm works correctly. We also exhibit a class of convex polygons with n vertices, in 
which the distance functions of half the vertices have at least n/4 local maxima. These polygons 
have a total of n2/8 local maxima, which shows that any algorithm for finding the diameter that 
searches the entire set of local maxima, must be quadratic in worst case. 
II. MULTIMODAL POLYGONS 
We illustrate the basic idea with a convex polygon of ten sides. The generalization to a 
polygon with an arbitrary number of sides is straightforward. Let P = (p,, . . . , p,,J denote a 
convex polygon with 10 vertices. Referring to Fig. 1, let pl, plo, p9 be three vertices of P such 
that d(p,, p,,,) = d(p,, plo) = 1, where d denotes euclidean distance, and such that angle pl, plo, 
p9 < 180”. Let C denote the arc from pl to p9 with unit radius centered at plo. Place vertices p3, 
p5, p7 at equal distance along C. The straight lines between pi and pi+29 i = 1, 3, 5, 7 form 
segments ci. Now place point pi+, (i = 1, 3, 5, 7) in segment ci, at a distance 1 - E from plo, for 
some suitable small constant E > 0. P is clearly convex and furthermore, 
i 
d(pi+ar PIO) 
d(Pi+ly Pm) < d(pi, p,o) i = 1,3,5,7 
When (1) holds, we say that pi (i = 1,3, . . . , 9) are local maxima from p,,,. Thus P exhibits 5 
modes, or local maxima from p,,,. A straightforward generalization gives the construction of a 
convex polygon with 2n vertices which exhibits n local maxima from a given vertex. 
Furthermore, by perturbing the points, any of the local maxima can become the diameter of P. 
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Fig. 1. 
It is well known (see, e.g.[2], p. 21) that in any set of n points in the plane, only n pairs of 
vertices can realize the diameter. It is natural to ask how many pairs of vertices of a convex 
polygon can realize local maxima. The following generalization of the preceding example shows 
that the answer to this question is at least n2/8. Consider the addition of vertices 
{P,,, P121. . . , pls) in convex position near plo, such that the diameter of the set {pro, pit, . . . , p18) 
is less than $4. It is easy to verify that 
d(~~+~, pj) < d(pit PJ 
d(Pi+2, Pj) 
i=1,3,5,7,9; j=lO,ll,... ,18. 
Thus P has 18 vertices and at least 9 x 5 = 45 local maxima. In the general case, n/2 vertices are 
placed near the centre, and n/2 vertices are placed on or near the arc C, giving at least n2/8 local 
maxima. 
III. DOBKIN AND SNYDER’S ALGORITHM 
We now turn our attention to an elegant class of linear running time algorithms proposed 
in]11 to find an area maximizing inscribed k-gon. A proof for the case k = 3 is given in[l]. 
IIowever, as we shall show, this algorithm cannot be used for the case k = 2. For completeness, 
we reproduce the algorithm here. 
Input: Convex n-gon P = {p,, . . . , p,}. 
Output: Vertices A, B of the diameter. 
Legend: All additions are performed modulo n. 
loop a while J? : y repeat is due to Knuth and is equivalent to the ALGOL-60 code 
loop: a; 
if p then go to Ll else go to L2; 
Ll: y; 
go to loop 
L2: 
beginA+p,; Btp,; a+l; bt2; 
loop 
loop 
while d(p,? Pb) 5 d(h Pb+l): 
b+-b+l; 
repeat 
if d(A, B) < d(p,, pb) then begin A +-pa; B +-pb; end; 
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a+-a+l; 
ifa=bthenbtb+l; 
while a# 1: 
repeat 
end 
Consider how this algorithm operates on the convex polygon of Fig. 2. This polygon may be 
described as follows: vertices 1, 3, 5 are the vertices of a Rouleaux triangle R (see, e.g. [3]). Let 
d(l,3) = d(3,5) = d(5,l) = r, d(l,4) = I + 6, d(3,7) = r + 28, for some small 6 > 0. Thus vertices 
4 and 7 lie outside R. Vertices 2 and 6 lie inside R. The circle with radius d(2,4) centered at 2 
intersects edge (1,5) at y. Thus d(2,5) > d(2,4). Furthermore, vertex 2 is as close to edge (1,3) 
as is needed to make d(2,7) < d(l,7). Edge (2,7) intersects (1,3) at x forming a right angle. 
When the algorithm starts at vertex 1 the following pair of vertices are visited: (1,2), (1,3), 
(1,4), (2,4), (2,5), (3,5), (4,5), (4,6), (4,7), (4,1), (5, l), (6, l), (7,l). The pair (3,7) constitutes 
the diameter of P, but this pair is bypassed and the algorithm fails. 
IV. CONCLUDING REMARKS 
Several linear algorithms have recently been proposed for finding the diameter of a convex 
polygon[l,4,5]. Of these, only one algorithm appearing in[4] seems to work in all cases. A 
second algorithm in[4] based on the furthest point Voronoi diagram has been shown to fail in 
some cases[6]. Similarly the hill climbing approach of [5] does not always produce the 
diameter[7]. Perhaps the counter-intuitive results of section II indicate why the diameter 
problem is more complicated than originally thought. 
An open problem in this area (the all-furthest-neighbour problem) is to find an O(n) algorithm 
for computing the furthest neighbour of each vertex of a convex polygon. This cannot be 
solved by searching only anti-podul pairs, because a furthest neighbour pair need not be an 
anti-podal pair[8]. The local symmetric furthest neighbour problem can, however, be solved 
using this approach[8]. Furthermore, for unimodal polygons (which need not be convex) the 
global symmetric all-furthest-neighbour problem can be solved in O(n) time [9]. 
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